Limitations on building single-photon— resolution detection devices 
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Single-photon resolution (SPR) detectors can tell the difference between incoming wave packets 
of n and n + 1 photons. Such devices are especially important for linear optical quantum computing 
with projective measurements. However, in this paper I show that it is impossible to construct a 
photodetector with single-photon resolution when we are restricted to single-photon sources, linear 
optical elements and projective measurements with standard (non-photon-number discriminating) 
photodetectors. These devices include SPR detectors that sometimes fail to distinguish one- and 
two-photon inputs, but at the same time indicate this failure. 
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Linear optical quantum computing and quantum commu- 
nication gained considerable momentum with the work of 
Knill, Laflamme and Milburn 1]. They showed that lin- 
ear optics and projective measurements can efficiently 
implement quantum computations without the use of 
Kerr nonlinearities, which are typically very weak. Two 
key ingredients of linear optical quantum computing 
(LOQC) are the faithful creation of basic quantum states, 
such as single-photon states, and the reliable detection of 
optical output states. 

Recently, several groups have demonstrated single- 
photon sources in quantum-dot microcavities and 
magneto-optical traps 0, 0, El ■ The importance of these 
experiments for linear optical quantum computing can 
hardly be overstated, even though the road to high- 
visibility interference between independent sources is still 
long and arduous. Furthermore, Hockney, Dowling and 
I assessed the quality of single-photon sources by defin- 
ing the suitability of a source with respect to a given 
application 0. In this paper, I turn my attention to 
the other essential component of LOQC: a photodetec- 
tor with single-photon resolution. 

Most detectors that are currently used in optical quan- 
tum communication and computation experiments can- 
not tell the difference between one or more photons. 
Single-photon resolution (SPR) detectors are devices that 
can distinguish between wave packets containing n and 
n + 1 photons 0, Q] ■ They are important because the 
LOQC research program relies heavily on projective mea- 
surements, which in turn involve photon-number mea- 
surements || . We therefore need a way to efficiently 
distinguish between different photon number states. Very 
often, the output of an optical gate is significantly differ- 
ent when postselected on a single-photon or a two-photon 
detection outcome. Perhaps the most dramatic example 
of this is the teleportation experiment by Bouwmeester et 
al. 0| , in which the lack of single-photon resolution re- 
duces the non-postselected fidelity of the teleported out- 
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put state to a value lower than the clasical limit [TTl IT^ | . 
As a consequence, postselection was needed. Recently, 
Pan et al. modified the pair-production rates of the two 
down-converters in this experiment, such that the non- 
postselected output fidelity surpasses the classical limit 

m 

However, it may not always be possible to modify the 
quantum gate in such a way that non-SPR detectors can 
be used, and we really would like to have cheap, reli- 
able, and efficient SPR detection devices. But the current 
experimental detectors with single-photon resolution are 
expensive and operate at low temperatures |14| . In this 
paper, I will therefore investigate whether we can build 
an SPR detector with single-photon sources, linear op- 
tics and ordinary photodetection without single-photon 
resolution. It turns out that such a device is impossible. 

Before I proceed with the proof of this statement, I 
will first simplify the task of the SPR detection device. 
For many applications it is good enough to distinguish 
between zero-, one- and two-photon states, rather than 
the general n- and (n + l)-photon states. Consequently, 
I will consider only devices that can tell the difference 
between one- and two-photon states. After all, showing 
that such a device does not exist immediately excludes 
the possibility of a general SPR detection device. Also, 
the SPR device does not have to work with 100% effi- 
ciency to be useful (ordinary photodetectors do not, and 
they are very useful) . I will only require that a failure to 
distinguish between a one- and two-photon input state 
results in an unambiguous detector signature indicating 
this failure. This excludes the so-called detector cascade 
0,0], which splits the incoming mode into many outgoing 
modes to render the probability of finding two photons 
in the same detector arbitrarily small. However, we can 
never be certain that two photons didn't enter the same 
output mode, and as a consequence, there is no unam- 
biguous detector signature that indicates failure. Here, 
I will prove that we cannot make an SPR device with 
a finite number of optical modes that always signals a 
possible failure unambiguously. 

So far, I have been rather vague about the resources 
that I include for building an SPR device, so I will now 
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FIG. 1: The general setup for the single-photon resolution 
detection device with linear optics and projective measure- 
ments. The aim of this detector is to distinguish between one 
and two photons in the input mode. The auxiliary modes are 
occupied by photon-number states, and the detectors click 
only when one or more photons are present. 

specify them in more detail. A schematic drawing of the 
prospective SPR device is shown in Fig. ^ and consists 
of M input modes, one of which is the mode we want 
to detect. Without loss of generality, we can choose this 
to be mode 1. The other modes contain N — 1 auxiliary 
photons. So for a single-photon input state, a total of 
N photons are distributed over M modes according to 
n = (n 2 , . . . , n M ), with m £ N and J2 t rii = N — 1. 

The M modes are then transformed by a unitary trans- 
formation U into M output modes. Every annihilation 
operator etj corresponding to input mode then becomes 
a sum of annihilation operators bk that correspond to the 
output modes bk- 

M 

&i -> ^ U ik b k ■ (1) 

fe=l 

Here, we write the transformation in terms of the annihi- 
lation operators, but we could also have used the creation 
operators a\ and St. The commutation relations are the 
usual: 

[Si, a]] = [bi,b!j] = Sij 

[auaj] = [kb j } = [4,a]] = [bl,b]}=0, (2) 

and all the other commutators vanish. The fact that 
Eq. does not mix creation and annihilation operators 
is due to the exclusion of squeezing in the M-port U. 

In principle, we can include feed-forward techniques 
in the transformation U. An initial unitary transforma- 
tion Uq is then followed by a detection of a subset of 
the outgoing modes. Based on the outcome of this de- 
tection, a second unitary transformation U± is applied 
to the remaining undetected modes. Again, we detect 
a subset of the outgoing modes. This procedure repeats 
itself until all the modes are detected. However, this tech- 
nique improves only the efficiency, and does not increase 
the versatility of the device, because for every successful 
set of detector signatures and unitary transformations 
Uq, U\, . . ., we can postpone the intermediate detection 
events to the very end |15| . 

All the outgoing modes are detected with photodetec- 
tors that lack single-photon resolution. This amounts to 



a Projection Operator Valued Measure (POVM) of find- 
ing a click Ei and finding no click E$ : 

oo 

E a = 5>-^)>>H 

n=0 
oo 

E x = ^[l-(l-^ r] | n)(n | 5 (3) 

n=0 

where r\ is the quantum efficiency of the detector (that is, 
every incoming photon triggers the detector with prob- 
ability rj 2 ). Since the objective of the proof is to show 
that SPR detectors cannot be constructed with linear 
optics and non-photon-resolution detectors, I can choose 
Tj — ► 1. This corresponds to perfectly efficient detectors. 
If we can't do it with these, we certainly can't do it with 
less sensitive detectors. The POVM thus becomes 

oo 

E = \0)(0\ and Bi = £|n)(n|. (4) 

71=1 

The detector signature of the SPR device that should dif- 
ferentiate between one and two input photons is a string 
d = (g?i, . . . , duf), where dj g {'click', 'no click'}. Any 
detector signature therefore belongs to one and only one 
of three sets: the set of signatures that indicate a single 
photon in the input mode, the set of signatures that indi- 
cate two photons, and the set of signatures that indicate 
a detector failure. This leads to the following criteria: 

There are two ways to distinguish one- and two-photon 
input states: (1) for at least one detector, the output can 
be a click when one photon enters the device, but does 
never click when two photons enter the device; (2) for at 
least one detector, the output can be a click when two 
photons enter the device, but does never click when only 
one photon enters the device. For convenience, let's call 
these two methods type I and type II SPR detectors, 
respectively. I will now prove that it is impossible to dis- 
tinguish between one- and two-photon input states using 
either type. 

In order to develop a feel for the mechanism of the 
proof, I will first consider the simplest nontrivial inter- 
ferometric setup. Suppose that a\ is the input mode 
that we want to detect, and that there is only a single 
auxiliary photon in mode a^. The two input modes are 
transformed according to 

a\ — » a b\ + P 62 and £12 — » 7 b\ + S 62 ■ (5) 

A single-photon input with one auxiliary photon then 
yields the polynomial 

Sia 2 — > a^b\ + (aS + f3j) b\b 2 + (35 bi, , (6) 

whereas two input photons yield 

a\ a 2 -> a 2 7 b\ + (2af3-f + a 2 8) b 2 b 2 

+ (2af3S + l3 2 1 )b 1 b 2 + {3 2 Sbl. (7) 
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If the detection device is not to fire at a two-photon input, 
all the terms involving b\ must have zero coefficients (we 
can choose b\ without loss of generality). We start with 
the leading term b\. 

For the polynomial in Eq. J7|) to have no b\ contribu- 
tion, we need to put a 2 7 = 0, which implies either a = 
or 7 = 0. Secondly, we require that 2a(38 + /3 2 7 = 0. If 
a and 7 are not zero simultaneously, we also arrive at 
the conclusion that (3 = or S = 0. With these restric- 
tions, it is no longer possible to choose (a, /3, 7, 6) such 
that the single-photon input of Eq. © retains a non-zero 
amplitude in the mode b\. 

The general mechanism of the theorem is therefore as 
follows: consider first an SPR device of type I. By re- 
quiring zero amplitudes in mode 61 in the case of a two- 
photon input state (plus the auxiliary photons) , we force 
the coefficients of the Bogoliubov transformation to zero. 
Putting coefficients to zero will in turn force us to put 
other coefficients to zero. This generates a contradiction 
with the non-zero 61-amplitude in the case of a single- 
photon input state. I then repeat the same argument for 
type II SPR devices. 

First, I will consider state discrimination with a type I 
SPR detector, that is, for at least one detector the output 
can be a click when one photon enters the device, and 
does never click when two photons enter the device. I 
again place this detector in output mode b\. Suppose 
further that we have N — 1 auxiliary photons in modes 
<22, . . . , ajvf, distributed according to n — (122, ■ ■ ■ , um )■ 
The transformation of the input modes is then given by 



M 
k=l 



b k 



(8) 



where M is the total number of optical input modes, and 
the matrix elements otjk constitute a unitary matrix. 

Using Eq. © , the input of the SPR detection device in 
the presence of a two-photon input state is transformed 
into the following polynomial: 
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Again, we need to suppress the amplitudes of all the 
terms that involve a factor b\ . We start with the leading 
term b\ +1 . There is only one term that leads to all the 
photons ending up in mode 61, and its coefficient must 
be forced to zero: 
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a n a 2 f ■ ■ ■ a A }[ = 



(10) 



This means that a p i = for at least one p € {1, . . . , M} 
with non-zero n p . It is easy to see that in order to make 
an SPR detector work, we need as many different matrix 
elements ay as possible. We can therefore choose n, = 1 
for i S {2, . . . , N}, where now N < M. 



Subsequently, consider the amplitude of b^bi for any 
I G {2,..., M}. This stray photon in mode bi can ei- 
ther originate from the input mode or from one of the 
auxiliary modes, and the coefficient is given by 



N 

au-an ■ ■ ■«m+(tir^ttii • • -aj-i^ctji ■ • ■ a N1 . (11) 
i=i 

This leads to 

N 

a U ■ + 01X1 " ' a 3~ 1 . ia l l ' ' ' aN1 = ' ( 12 ) 



If a p \ = 0, then only one term remains: 
an ■ • -a p i ■ ■ ■ ajvi = , 



(13) 



and this forces a second matrix element a q \ or a p i to zero. 
Since this holds true for all I, we only have to consider the 
case where 3 q : a q \ = 0, or V I : a p i — 0. After all, if only 
some dpi are zero, there must be a a q \ = 0, and there 
is therefore no need for a p i = 0. However, setting all 
a p i zero is equivalent to removing the p th input photon. 
Since we set this proof up for an arbitrary number of 
auxiliary photons, we only have to consider a q \ =0. 
The next term in Eq. {7|) the coefficient of which has 

to be zero, is b^^bnbn 1 - With a p \ = and a q \ = 0, the 
remaining term is 



an 



■ a qn ' ■ ■ ■ ajvi = , 



(14) 



and this leads to the conclusion that there must be an 
a r i = 0. 

We can repeat this process such that for each k in the 
terms involving we find an a r \ = 0. There are N + 1 
terms with an overall factor b\, but there are only N 
terms a r \. We thus have forced all a r \ to zero, and the 
single-photon input will also have a zero amplitude in 
mode b\. 
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(15) 



Since I explicitly constructed the SPR detection device to 
signal the presence of a single photon in mode b\ , Eq. (|15|) 
contradicts the premise. Hence, an SPR detector of type 
I is impossible. 

Secondly, I consider the type II SPR detector, that 
is, for at least one detector, the output is a click when 
two photons enter the device, and no click when only 
one photon enters the device. The impossibility proof 
runs along the same lines as the previous proof. With a 
single photon in the input mode, the output before the 
detectors is then 



ai 



N 

n< 

m=2 



N 



A I 



n e° 

rn — l \j— 1 



,713 ^3 



(16) 



4 



Here, I have already used the fact that all N — 1 auxil- 
iary photons should be distributed over different modes. 
Following the same line of reasoning, all the N matrix 
elements a r \ with r 6 {1, . . . , N} are forced to zero by 
the N different fe-terms proportional to b\. Again, this 
excludes the possibility for two input photons to trigger 
the detector in output mode 1. Therefore, an SPR de- 
tector of type II is impossible as well, which means that 
single-photon-resolution detection devices with auxiliary 
photon-number input states, linear optics and projective 
measurements are impossible. 

As I mentioned before, a detector cascade can suc- 
ceed with arbitrary large probability of success where the 
above SPR device fails. Braunstein and I have shown in 
Ref. that such cascades need a large number of output 
modes, and that they are very sensitive to detector losses. 
Notwithstanding these difficulties, Haderka et al. have 
made significant experimental progress towards a work- 



ing detector cascade. Nevertheless, I believe this theorem 
is an interesting property of linear optics with the pro- 
jective measurements I presented here, and it might be 
useful in guiding our intuition when we try to develop in- 
terferometers that are to perform special tasks in linear 
optical quantum computing and communication. 
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